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Q Abstract 

Let Q{n, k) be the number of n-ary quasigroups of order k. We derive a recurrent for- 
mula for Q(n, 4). We prove that for all n > 2 and k > 5 the following inequalities hold: 

C*~) (^rO 2 (^rO 2 ^ ^°S2 Q( n > k) < Cfc(fc — 2) n , where does not depend on n. So, the upper 

asymptotic bound for Q(n, k) is improved for any k > 5 and the lower bound is improved 
for odd k > 7. 

Keywords: n-ary quasigroup, latin cube, loop, asymptotic estimate, component, latin 
trade. 
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y—i 1. Introduction 

> 

An algebraic system from a set S of cardinality |S| = /c and n-ary operation / : S n — > S 
is called an n-ary quasigroup of order A; iff the unary operation obtained by fixing any n — 1 
arguments of / by any values from £ is always bijective. The corresponding function / is often 
also called an n-ary quasigroup (the value table of such a function is known as latin hypercube; 
if n = 2, latin square). 

Let us fix the set S = {0, 1, . . . , k — 1}. Denote by Q(n, k) the number of different n-ary 
quasigroups of order k (for fixed S) 1 . It is known that for every n there exist only two n-ary 
quasigroups of order 2. There are exactly Q(n, 3) = 3 • 2 n different n-ary quasigroups of order 
3, which form one equivalence class. In [9] it is proved that Q(n,4) = 3 n+1 2 2 " +1 (l + o(l)) as 
n —> oo. In Section 4 we suggest a recurrent way to calculate the numbers Q(n, 4) and list the 
first 8 values. Before, only five values of Q(n,4) where known; furthermore the numbers Q(n, 5) 
and Q(n, 6) are known for n < 5 and n < 3 respectively, see [7], and the number Q(2,k) for 
k < 11, see [6] and references there. 

The asymptotics of the number and even of the logarithm of the number (and even of 
the logarithm of the logarithm of the number) of n-ary quasigroups of orders more than 4 is 
unknown. In [5], the following lower bounds are derived: Q(n, 5) > 2 3 " /A ~ c , where c < 0.072; 
Q(n,k) > 2( k ^ n if k is even; Q(n,k) > 2 n ( fc / 3 )" if k = mod 3; Q(n,k) > 2 L5 L fe / 3 J" for an 
arbitrary k. The following upper bound was established in [8]: Q(n, k) < 3(k-V n 2 n ( k ~ 2 ) n \ 

*This work was partially supported by the Federal Target Program "Scientific and Educational Personnel of 
Innovation Russia" for 2009-2013 (contract No. 02.740.11.0429) and the Russian Foundation for Basic Research 
(grants 08-01-00671, 08-01-00673). 

1 Sometimes by the number of quasigroups one mean the number of mutually nonisomorphic quasigroups. 
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In this paper we improve the upper bound (Section 2) on the number of n-ary quasigroups 
of finite order and the lower bound (Section 3) on the number of n-ary quasigroups of odd order: 



fc-3\ a fk-1 



< log 2 Q{n, k) <c k {k-2Y 



2 / V 2 

where c& does not depend on n; explicitly, c k = lo fc g ^2 1 + 

2. An upper bound 

We will say that a set M C S ra satisfies Property (A) iff for every element x £ M and every 
position i = 1, . . . , n there is another element y £ M differing from x only in the position i. By 
induction it is easy to get the following: 

Proposition 1. Any nonempty subset CCS" that satisfies Property (A) has the cardinality 
at least 2 n . 

A function g : Q — ► S where C S" is called a partial n-ary quasigroup of order |S| if 
y(x) y(y) for any two tuples x, y £ f2 differing in exactly one position. We will say that an 
n-ary quasigroup / : S n — > S is an extension of a partial n-ary quasigroup y : 17 — > S where 
C if /|n = 5 . 

Lemma 1. Let |S| = A;, B = S \ {a, b}, k > 3, a, b € S. Then a partial n-ary quasigroup 
g : xB^S has at most 2^ k l 2 ^ different extensions. 

Proof. Denote by P the set of the unordered pairs of elements of S. Consider a partial 
n-ary quasigroup g : E"- 1 x B -► S. Define the function G : E"" 1 -► P by the equality 
G(x) = S \ {y(xc) : c € S \ {a, 6}}. Define the graph V = (X n_1 , where two vertices x and y 
are adjacent if and only if the tuples x and y differ in exactly one position and G(x) n G(y) / 0. 
It is easy to see that connected components of T satisfy Property (A) . 

Let n-ary quasigroups f\ and /2 be extensions of g. It is not difficult to see that |/i(xa), f\(xb)} 
G(x) for every x G £ n_1 ; moreover, if fi(xa) = f2(xa), then /i and /2 coincide on the whole 
connected component of T containing x 6 S n_1 . So, to define an extension of g uniquely it is 
sufficient to choose one from the two possible values for every connected component of T. It 
follows from Proposition 1 that every connected component has cardinality at least 2™~ 1 . Then 
the number of connected components of T does dot exceed (fc/2) n_1 . Hence g has not more than 
2(fc/2) n extensions. ▲ 

Theorem 1. If k > 5 and n > 2 then Q(n, k) < 2 c ^ k ~^ n , where c k = + 

PROOF. The number of partial n-ary quasigroups g : S n_1 x B — > S, where |S| = /c, 
i? = S \ {a, 6}, does not exceed Q(n, k) k ~ 2 . From Lemma 1 we have 

Q(n + l,fc) <Q(n,A;) fc - 2 2( fc / 2 ) n . (1) 

Denote a n = log 2 Q(n, k)/(k — 2) n . Then from (1) we have 

a " +1 - a " + (2(^=2), 
Since ai = and § (2(^2)) = fc=4> we § et <*n < + fe^3- 
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3. A lower bound 



Let a and b be two different elements of E. By {a, b} -component of an n-ary quasigroup/ 
we will mean such a set S C S™ that 1) f(S) = {a, b} and 2) the function 



is also an n-ary quasigroup. In this case we will say that g is obtained from / by switching 
the component S. We note that in the definition of an {a, 6}-component the condition 2) can 
be replaced by Property (A) from the previous section. It is obvious that switching disjoint 
components can be performed independently: 

Proposition 2. Let S and S' be disjoint {a, b}- and {c, d}- (respectively) components of an 
n-ary quasigroup f. Let an n-ary quasigroup g is obtained from f by switching S. Then S' is 
a {c, d}-component of g too. 

The following proposition can be easily derived from the definition of an {a, 6}-component; 
similar statement can be found in [5] . 

Proposition 3. Let C = {c\,d\} x {02,^2} be an {a, b} -component of a 2-ary quasigroup g. 
Let Ci be a {cj, di}-component of an ni-ary quasigroup qi, i = 1,2. Then the set C\ x C2 is an 
{a, b}-component of the {n\ + ri2)-ary quasigroup f, where f(xi,X2) = g(q\(xi) , q2(x2)) ■ 

A 2-ary quasigroup 99 : S — > S is called idempotent iff <p(x, x) = x for every x £ S. It is 
known (see, e.g., [1]) that 

Proposition 4. For every m > 3 there exists an idempotent 2-ary quasigroup of order m. 

The following proposition presents a construction of 2-ary quasigroups, which will be used 
to establish a lower bound on the number of n-ary quasigroups of odd order. 

Proposition 5. For any m > 3 there exists a 2-ary quasigroup if) of order 2m + 1 that has m 
{2i, 2i + 1} -components for every i £ {0, . . . , m — 1}; moreover, all except one {2i, 2i + l}-com- 
ponents have form {2j, 2j + 1} x {21, 21 + 1}. 

PROOF. By Proposition 4 there exists an idempotent 2-ary quasigroup ip m of order m. For 
each a, b G {0, . . . , m — 1}, a 7^ b, and 5, a G {0, 1} define 
V>(2a + 5, 2b + a) = 2(p m (a, b) + (6 + a mod 2); 
^(2a + 5, 2a + 5) = 2a+l-<5; 
ip(2a + 5,2a + l - 5) = k- 1; 
Y>(& - 1, 2a + <5) = V(2a + 5, k - 1) = 2a + 5; 
ip{k-l,k-l) = k-l. 

Straightforwardly, tp is a 2-ary quasigroup that satisfied the desired properties. ▲ 

The following is examples of the value tables of a 2-ary quasigroup </?4 and the corresponding 
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From Proposition 1 it is easy to conclude that the odd-order 2-ary quasigroup constructed 
in Proposition 5 has the maximal number of mutually disjoint components among all 2-ary 
quasigroups of the same order. 

Theorem 2. If k is an odd integer ,k > 5, and n > 2, then 



Q(n,k) > 2 



n/2 



Proof. Let ip be the 2-ary quasigroup of order k constructed in Proposition 5. Define the 
n-ary quasigroup \l/ n by the following recurrent equalities: 

* 2 = V; 

^ 2m+1 {x,y) = ^(* 2m (x),y); 
^ 2m+2 (x,y,z) =iP(^ 2m (x),ip{y,z)). 

Denote by a n the number of {2i,2i + l}-components of ^ n where i £ {0, . . . , ^^}- From 



Propositions 3 and 5 we have the relations a2 



Then a 2m > (^j" 1 " 1 (*=±) m and <W > ftT 

Since {2z, 2i + l}-components with different i are disjoint, the number of disjoint components 
is at least ^^a n . From Proposition 2 we deduce that we can get the desired number of different 
n-ary quasigroups of order k by switching disjoint components in ^f n . A 



fc— 1 \ 

~2~j «2m+l > «2r, 



fe-3 



fe-3 fc-1 



4. The number of different n-ary quasigroups of order 4 

Denote [n] = {l,...,n}. An n-ary quasigroup / is called an n-ary loop iff there exists 
an element e G E, which is called an identity, such that for all i G [n] and a € E it is true 
/(e . . . eae . . . e) = a. In what follows we always assume that is an identity of an n-ary loop (in 

i 

general, an n-ary loop can have more than one identities provided n > 3). Especially we note 
that this agreement is essential in the treatment of the concept of the number of n-ary loops. 
In particular, we have the following simple and well-known fact: 

Proposition 6. Let Q'(n, k) be the number of n-ary loops of order k. Then 
Q{n,k) = k-{{k-l)l) n Q'{n,k). 

An n-ary quasigroop / is called permutably reducible (we will omit "permutably" ) iff there 
exist an integer m, 2 < m < n, an (n — m + l)-ary quasigroup h, an m-ary quasigroup g , 
and a permutation a : [n] — > [n] such that 

f(x\, . . . , X n ) = h (g(x a (i}, . . . , X CT ( m )), £o-(m+l); • • • ) x cr(n)) ■ 

In this section we will assume that E = {0,1,2,3}; i.e., we will consider only the n-ary 
quasigroups of order 4. It is known (see, e.g., [?]) that there are exactly four binary loops of 
order 4 (one is isomorphic to the group Z2 x Z2 and three, to the group Z4). 
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The following statement is straightforward from the theorem in [3]. 

Lemma 2. Every reducible n-ary loop f of order 4 admits exactly one of the following two 
representations. 

f(x) = qo(qi(xi), q m (x m )) (2) 

where qj are rij-ary loops; Xj are tuples of variables Xi, i £ Ij, where {Ij} is a partition of [n], 
j = 1, . . . ,m; go is an irreducible m-ary loop, m > 3. Moreover, the partition {Ij} in such a 
representation is unique for every f. 

f(x) = qi(xi) * ... * q k (x k ) (3) 

where * is a binary operation in one of the 4 loops, qj, j = l,...,k, are rij-ary loops that are 
not representable in the form qj(xj) = q'(x'j) *q"(x"), Xj are tuples of variables X{, i 6 Ij, where 
{Ij} is a partition of [n]. Moreover, the partition {Ij} in such a representation is unique for 
every f. 

By the root operation of an n-ary quasigroup / we will mean the m-ary quasigroup qo if (2) 
holds, and the binary operation * if (3) holds. 

Simple combinatorial calculations give the following formula for the number F-j ^ of different 
partitions of [n] into k subsets from which exactly h L subsets have cardinality ji, 1 < i < t, 
< ji < • • • < jt- 

F -= ^ 1 (4) 

where ki + k 2 H h k t = k, k\j\ + fc 2 j2 H V hjt = n. 

Let / : T, n — > S be an n-ary quasigroup; define the set 

S a , b (f)±U{x£Z n :f(x)G{a,b}}. 

An n-ary loop / will be called a-semilinear, where a £ {1,2,3}, if the characteristic function 
Xs ,a(f) of the set S = S oAf) has the form 

n 

Xs , a (f)( Xl >---> x ^ = ^2x{o,a}{xi) mod 2. (5) 
i=i 

An n-ary loop / is called linear if it is a-semilinear and 6-semilinear for some different a and b 
from {1,2,3}. It is not difficult to check the following: 

Proposition 7. One of the four binary loops of order 4 is linear (the one that is isomorphic to 
Z2 x Z2); the other three are 1-, 2-, and 3- semilinear respectively. 

It is known (see [9]) that 

Proposition 8. A linear n-ary loop is unique and is 1-, 2-, and 3- semilinear. 

It is not difficult to see (see also [9]) the following: 

Proposition 9. Let f be a reducible a-semilinear n-ary loop; then f can be represented as the 
composition (2) or (3) of a-semilinear loops. 

Let us denote by £° the number of the a-semilinear n-ary loops and by t n the number of the 
semilinear n-ary loops. 

As established in [9], the number of the n-ary loops asymptotically coincides with t n , which 
can be easily calculated: 
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Lemma 3 ([9]). l n = 3 ■ 2 2 "-"- 1 - 2, t a n = 2 2 "-™- 1 for a G {1,2,3}. 

In [4] the set of n-ary quasigroups of order 4 was characterized in the terms defined above; 
namely, the following was proved: 

Theorem 3. Every n-ary loop of order 4 is reducible or semiline&r. 

This fact gives a base for deriving a recurrent formula for the number of n-ary loops (and 
quasigroups) of order 4. 

We will use the following notation: 

v n is the number of the n-ary loops (of order 4); 

r* is the number of the reducible n-ary loops with the binary root operation *; 
r° is the number of the reducible n-ary loops with the root operation of arity at least 3; 
r®* is the number of the reducible a-semilinear n-ary loops with the a-semilinear binary root 
operation *; 

is the number of the reducible a-semilinear n-ary loops with the root operation of arity 
at least 3; 

is the number of irreducible a-semilinear n-ary loops; 
p n is the number of irreducible n-ary loops. 

From Lemma 2 and Proposition 9, the following relations follow: 



»=2 j,k 



r a*\k t 
Jt jt > ' 



i=2 j,k 



•a \k t 
jt> ' 



i=3 j,k 
i=3 j,k 

where the second sum os over the tuples k = (ki, . . . ,kt) and j = (ji, . . . ,jt) of positive integers 
satisfying k± + • • • + kt = i, k\j\ + kij2 + • ■ • + ktjt = n and ji < ■ ■ ■ < jt- From Theorem 3 
and Proposition 8 we have v n = p n + r° + 4r*, p^ = 1^ — r^ — 2r^*, p n = 3p®- From Lemma 3, 
11 = 2 2"-n-i for a e {1,2,3}. 

Proposition 7 gives the initial values r%* = 2, r|=4, rg = r° = 0. We see that the equalities 
above and Proposition 6 provide a recurrent way of calculation of the number of the n-ary 
quasigroups of order 4. 

Finally, we list the first eight values of Q'(n,4): 

1, 
4, 
64, 
7132, 

201538000, 
432345572694417712, 

3987683987354747642922773353963277968, 

678469272874899582559986240285280710364867063489779510427038722229750276832, 
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and of Q(n, 4): 

24, 

576, 

55296, 

36972288, 

6268637952000, 

80686060158523011084288, 

4465185218736554544676917926460256725000192, 

4558271384916189349044295395852008182480786230841798008741684281906576963885826048. 

5. Conclusion 

We will briefly discuss a connection of our topic with the known concept of latin traid. A 
partial n-ary quasigroup t : 17 — > S, 17 C T, n is called a multidimensional latin trade, here for 
briefity simply trade iff there exist another partial n-ary quasigroup t! : 17 — > S such that 

1) / f(x) for all x G 17; 

2) for any i from 1 to n and any admissible values X\, Xj-i, x n the sets 
. . . . . . ,x n ) | y <E £} and . . . , Xi-i, y, Xi-i, . . . , x n ) \ y G £} coincide. 

In this case the pair (t, t') is called a bitrade (depending on the context, bitrades are con- 
sidered either as ordered, or as unordered pairs); the trade t' is called a mate of t. In the case 
n = 2 bitrades (latin bitrades) are widely studied, see the survey [2]. 

We will say that an n-ary quasigroup / has a trade t iff t = /|n for some 17. As follows 
from the definitions, replacing of the values of / in 17 by the values of a mate t' of t results in 
another n-ary quasigroup. We will say that trades t = J\q and s = /|e are independent iff their 
supports 17 and are disjoint. The maximal number of mutually independent trades of an n-ary 
quasigroup / will be called its trade number trd(/). Denote by Trd(n, k) the maximum of trd(/) 
over the all n-ary quasigroups / of order k. Since independent trades of an n-ary quasigroup 
can be independently replaced by mates, the number Q(n, k) of different n-ary quasigroups of 
order k satisfies 

Q(n,k) > 2 Trd ("< fc ). (6) 

It is easy to understand that the lower bound in Section 3 (as well as all the bounds in [5]) is 
derived by this way: {a, 6}-component is the support of some trade by definitions. Since the 
support of a trade satisfies Property (A), Proposition 1 implies Trd(n, k) < k n /2 n = 2( log 2 fc ~ 1 ) n ; 
moreover, for even k the equality is easily proved. For odd k, as follows from the results of 
Section 3, we have Trd(n, k) > 2 c ( fc ) n where c(k) — ► log 2 k — 1. But for fixed k, in particular, 

for the small values 5,7,..., the question about the asymptotics of Trd(n, k) remains open. 

Problem 1. Establish the asymptotics of the logarithm and the asymptotics of the value 
Trd(n, k) as n — > oo for odd k > 5. 

Another question is how the estimation (6) close to the real value. For the order 4 it is 
asymptotically tight in logarithms. For any larger fixed order the asymptotics of log log Q(n, k) 
is unknown. It is natural to conjecture that the asymptotics of log log Q(n, k) and logTrd(n, k) 
coincide. 

Problem 2. Is it true that lim ( log2 log ^ ^( n ' fc ) ) = li m ( log2 ™( n ' fc ) ) ? J n particular, is it true 
that Inn ( ^loggQfr.fc) ) < log2 k _ 1? 

Even the existence of these limits is not proved yet. 



7 



References 

1. V. D. Belousov. Foundations of Quasigroup and Loop Theory. Nauka, Moscow, 1967. In 
Russian. 

2. N. J. Cavenagh. The theory and application of latin bitrades: A survey. Mathematica Slovaca, 
58(6):691-718, 2008. DOI: 10.2478/sl2175-008-0103-2. 

3. A. V. Cheremushkin. Canonical decomposition of n-ary quasigroups. volume 102 of Mat. 
Issled., pages 97-105. Shtiintsa, Kishinev, 1988. In Russian. 

4. D. S. Krotov and V. N. Potapov. n-Ary quasigroups of order 4. SIAM J. Discrete Math., 
23(2):561-570, 2009. DOI: 10.1137/070697331. 

5. D. S. Krotov, V. N. Potapov, and P. V. Sokolova. On reconstructing reducible n-ary quasi- 
groups and switching subquasigroups. Quasigroups Relat. Syst., 16(l):55-67, 2008. 

6. B. D. McKay and I. M. Wanless. On the number of Latin squares. Ann. Comb., 9(3):335-334, 
2005. DOI: 10.1007/s00026-005-0261-7. 

7. B. D. McKay and I. M. Wanless. A census of small Latin hypercubes. SIAM J. Discrete 
Math., 22(2):719-736, 2008. DOI: 10.1137/070693874. 

8. V. N. Potapov. An upper estimation of the number of n-quasigroups of finite order. In Pro- 
ceedings of the XVII International School- Seminar "Synthesis and Complexity of Controlling 
Systems", pages 136-137, Novosibirsk, Russia, October-November 2008. In Russian. 

9. V. N. Potapov and D. S. Krotov. Asymptotics for the number of n-quasigroups of order 
4. Sib. Math. J., 47(4):720-731, 2006. DOI: 10.1007/sll202-006-0083-9 translated from Sib. 
Mat. Zh. 47(4) (2006), 873-887. 



Vladimir Potapov, Denis Krotov 
Sobolev Institute of Mathematics, 

prospekt Akademika Koptyuga 4, Novosibirsk 630090, Russia 
and 

Mechanics and Mathematics Department of the Novosibirsk State University, 
Pirogova 2, Novosibirsk 630090, Russia 

tel. +7-383-3634549, +7-383-3634666 
vpotapov@math.nsc.ru, krotov@math.nsc.ru 



8 



O HHCJie n-apHbix KBa3Hrpynn KOHe^Horo nopsiflKa 
On the number of n-ary quasigroups of finite order* 



B. H. IloTanoB*, /J. C. KpoTOB* 



ON 

o 
o 

(N 



MHcmumym MameMamuKU um. C. JI. Co6ojieea CO PAH, npocnenm AnadeMuna Konmwza 4, 

Hoeocu6upc.K 



MexaHUKO-MameMamuHecKuu (fiaKyAbmem, Hoeocu6upcnuu gocydapcmeeuHuu ynueepcumem, 
Q yji. lluposoea 2, Hoeocu6upcK 

g Ahho^ 

IlycTb Q(n, k) — ^hcjio n-apHbix KBa3iirpynn nopa/nta k. IIojiy^eHa pexyppeHTHaa (pop- 
Myjia fljifl ^Hceji Q(n, 4). ^OKasano, ^to npii jho6mx n > 2 h k > 5 cnpaBefljiiiBbi HepaBeH- 

CTBa (^5^) 2 (^f^) 2 < l°g2 Q( n 7 fe) < c fe(fc — 2)", r^e He 3aBHCHT ot n. TaxiiM o6pa30M, 
BepxHHH acHMTOTH^ecxaa rpaHiin,a fljia ^iiceji Q(n, k) yjiy^ineHa npii jiio6bix k > 5, hijk- 
hhh — npn He^eTHbix k > 7. 

Let Q(n, k) be the number of n-ary quasigroups of order k. We derive a recurrent 
formula for Q(n, 4). We prove that for all n > 2 and fc > 5 the following inequalities hold: 

(t^) 2 (^irO 2 < ^°§2 k) < c fe(fc — 2)™, where Ck does not depend on n. So, the upper 
y—i asymptotic bound for Q(n, k) is improved for any k > 5 and the lower bound is improved 

for odd k > 7. 

KjiroHeBbie cjiosa: n-apHaa KBa3iirpynna, JiaTHHCKnii Ky6, Jiyna, aciiMnTOTHKa, kom- 
noHeHTa, JiaTHHCKnii Tp3fiR. 

Keywords: n-ary quasigroup, latin cube, loop, asymptotic estimate, component, latin 
trade. 

CN 

5^ y^K: 519.143 

MSC2010: 20N15, 05B15 

> 

X 1- BBe^,eHHe 

5h 



Ajire6paHHecKaa CHCTeMa 113 MHCtacecTBa S moh];hocth |S| = A; h n-apHoii onepaLpiii 
/ : S n — > S Ha3biBaeTCH n-apHoii KBa3HrpynnoH nopa^Ka k, ecjin vHapHaa onepaLpifl, nojiy- 
neHHaa cbiiKcaijHeH jiio6bix n — 1 apryMeHTOB onepaLpiii / jho6bimh 3HaHeHHHMH H3 S, Bcer^a 
HBjiaeTCH 6iieKi];HeH. npiiHHTO Ha3biBaTb n-apnou Kea3uspynnou nopndKa k hjih n-Kea3uspynnou 
nopadna k TaKace h cooTBeTCTByiomyio cbymajHio / (Ta6jiiii];a 3HaHeHHH Taicon cpyHKi^Hii H3BecTHa 
jioj\ Ha3BamieM jiamuucKuu sunepKy6, b cjiynae n = 2 — jiamuucKuu Keadpam). 

3acpHKCHpyeM MHCtacecTBO sjieMeHTOB S = {0, 1, . . . , — 1}. 06o3Ha x iHM nepe3 Q(n, k) hhcjio 
pa3JiHHHbix n-apHbix KBa3nrpynn nopa^Ka k (npn cbiiKCiipoBaHHOM S) 1 . IfeBecTHO, hto ^jih 



*Pa6oTa BbinojiHeHa npn no^mepacKe «Hay x iHbie h HayHHO-neflaroriiHecKiie Kaflpbi HHHOBaipiOHHOH Poc- 

chh» Ha 2009-2013 rr. (roc. KOHTpaKT 02.740.11.0429) h PoccniicKoro (pOHfla (pyimaMeHTajibHbix HCCJieflOBaHHii 
(npoeKTbi 08-01-00671, 08-01-00673). 

1 HHorfla nofl hhcjiom KBa3nrpynn noflpa3yMeBaiOT hhcjio nonapHO HeiraoMopcpHbix KBa3nrpynn. 
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KajK^oro n cymecTByeT tojibko jipe ro-apHtix KBa3Hrpynnti nopa^Ka 2. HivieeTCH Q(n, 3) = 3 ■ 
2 n pa3JiHHHbix n-apHbix KBa3Hrpynn nopa^Ka 3, KOToptie cocTaBjiaiOT e^HHCTBeHHtm Kjiacc 
SKBHBajieHTHOCTii. B [1] ,z];oKa3aHO acHMnTOTHnecKoe paBeHCTBO Q(n,4) = 3 n+1 2 2 ™ +1 (l + o(l)) 
npn n — > oo. B HacTOflmeii pa6oTe (pa3,a;eji 4) npefljioaceH peicyppeHTHBiH cnoco6 BbiHiicjiemiH 
HHceji Q(n, 4), BbinHcaHbi nepBbie 8 3HaneHHH 9toh BejiHHHHti. PaHee 6bijih H3BecTHti tojibko 
naTb nepBbix 3HaneHHH Q(n, 4), KpoMe Toro, h3bccthbi HHCJia Q(n, 5) h Q(n, 6) ^jih n < 5 h 
n < 3 cooTBeTCTBeHHO, cm. [9], h hhcjio Q(2,k) npn /c < 11, cm. pa6oTy [8] h 6ii6jiHorpacpHio b 
Hen. 

AciiMiiTOTHKa HHCJia h jj;a:»ce jiorapncpMa HHCJia (h ^aace jiorapncpMa JiorapncpMa HHCJia) 
ra-apHbix KBa3Hrpynn nopa^KOB 6ojibine 4 HeH3BecTHa. B [7] nojiyneHBi cjie/jyiomHe hhjkhhc 
oilmen Q(n, 5) > 2 3n/3 " c , r fl e c < 0.072; Q(n, k) > 2^1^ ecjm fc hctho; Q(n, fc) > 2™( fe / 3 ) n earn 
A; KpaTHO TpeM; Q(n,k) > 2 15 L fc / 3 J n ^jih npoH3BOJiBHoro k. B [4] 6bijia npefljioaceHa BepxHjra 
oueHica HHCJia ro-apHBix KBa3Hrpynn nopa^Ka k: Q(n, k) < 3( fc - 2 ) n 2 ri ( fe ~ 2 ) n . 

B HacTOHmeii CTaTte ycnjieHa BepxHjra oi^eHKa (pa3/j;eji 2) nncjia n-apHbix KBa3Hrpynn ko- 
HenHoro nopa^Ka h hhjkhhh oi^eHKa (pa3/j;eji 3) nncjia n-apHbix KBa3Hrpynn HeneTHoro nopa/rica: 

n 

2 < log 2 Q(n, k) < c k {k - 2) n , 
rjj;e Cfc He 3aBHCHT ot n, TOHHee, = lo fc g ^2 ! + ^33- 

2. BepxHaa ou;eHKa 

By^eM roBopHTb, hto mhojkcctbo M C T, n yflOBjieTBopaeT CBoiicTBy (A), ecjiii rjisi joo- 
6oro 9jieMeHTa x H3 M h KajK^OH ho3hli;hh i = 1, . . . ,n Han^e-Tca /jpyroii sjicmcht £/ H3 M, 
OTjiHHaiomHHCH ot x tojibko b no3Hn;HH i. Ho HH/jyKUHH jierKO nojiyHHTb cjie/xyiomee: 

IIpenjiOKeHHe 1. JIio6oe Henycroe noflMHOxecTBO C C S n , y^OBjieTBopirroizjee CBoiicTBy (A), 
HMeer MOiiniocTh He Menee 2 n . 

MacmuHHOu n-apnou Kea3uspynnou nopndKa |E| Ha3BiBaeTCH cpyHKH,HH (7 : 17 — > S, r/j;e 17 C 
S n , yflOBjieTBopHiomaH cjie/xyiomeMy CBoiicTBy: g(x) 7^ <?(y) fljia jho6bix flByx Ha6opoB x,y £ 
OTjiHHaiomHxcH pobho b oflHoii ncGimHH. By^eM roBopHTb, hto n-apHaa KBa3nrpynna / : S n — > S 
HBjiaeTCH npodoACHcenueM HacTHHHoii n-apHoii KBa3nrpynnbi (7 : 17 — > S, r,a;e 17 C S n , ecjin 
/In = 5- 

JleMMa 1. IlycTh |S| = fc, B = S \ {a, 5}, > 3, a, 6 G S. Tor^a ^acTH^maa n-apnaa KBa3nr- 
pynna g : S™ -1 xB->S HMeer He 6ojiee neM 2^ k / 2 ^ n pa3JiHHHbix npc-flOJiiKeHHH. 

^OKA3ATEJTbCTBO. 

nycTb P — MHOHcecTBO HeynopaflOHeHHbix nap sjicmchtob MHoacecTBa S. PaccMOTpiiM na- 
CTHHHyio n-apHyio KBa3nrpynny g : S n_1 x B -> S. Onpe^ejiHM cpyHKxpiio G : S n_1 — > P 
paBeHCTBOM = S\ {^(Sc) : c G S \ {a, 6}}. Onpe^ejiHM rpacp T = (S n_1 ,£^), b kotopom 

,a;Be BepniHHbi iif coe^HHeHbi pe6poM Tor^a h tojibko Tor^a, Kor^a Ha6opbi x ny OTjinnaiOTCH 

TOJIBKO B OflHOH n03HI];HH H G(x) n G(y) 7^ 0. HeTpy^HO BH^eTB, HTO KOMnOHeHTBI CBH3HOCTH 

rpacpa T y^OBjieTBopHiOT CBoiicTBy (A). 

nycTb n-apHbie KBa3nrpynnbi fi h ji hbjihiotch npoflOJiHceHHHMH HacTHHHoii n-apHoii KBa3H- 
rpynnti g. He-Tpyario BH^eTb, hto {/i(xa), f±(xb)} = G(x) RJin jiio6oro x G S™" 1 , npnneM ecjin 
fi(xa) = f2(xa), to npoflOJKKeHHH /1 h /2 coBna^aiOT Ha Bceii KOMnoHeHTe cbh3hocth rpacpa T, 
co,a;ep:»can];eH BepuiHHy x G S n_1 . TaKHM o6pa30M, ,a;jiH o,i];H03HaHHoro onpe^ejieHHa npoflOJKKe- 
hhh HacTHHHoii n-apHoii KBa3Hrpynnbi g ^ocTaTOHHO 3acpHKCHpoBaTb o^ho h3 flByx bo3mojkhbix 
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3HaHeHHH b KajK^OH KOMnoHeHTe cbh3hocth rpacpa r. tfe npefljiOHceHHH 1 cjie^yeT, hto Kaac^aH 
KOMnoHeHTa cbh3hocth HMeeT modxhoctb He MeHee 2 n_1 . Tor^a hhcjio KOMnoHeHT cbh3hocth 
rpacpa T He npeBoexo^HT {k/2) n ~ l . A 3HaHHT, g HMeeT He 6ojiee 2^/ 2 - ) " npoflOjraceHHH. ▲ 

Teopeivia 1. Ecjih k > 5 a n > 2, to Q(n, k) < 2 c ^ k ~ 2 ^ , r A e c k = + 

,I[OKA3ATEj:bCTBO. Mhcjio HacTHHHbix n-apHbix KBa3nrpynn g : S n_1 xB^E, r^e |S| = k, 
B = S \ {a, 6} He npeBocxo^HT Q(n, k) k ~ 2 . H3 jieMMbi 1 cjie^yeT HepaBeHCTBO 

Q(n + l,fc) < Q(n,/fc) fc - 2 2( fc / 2 ) n . (1) 

BBe^eM o6o3HaHeHne a n = log 2 Q(n, k)/(k — 2) n . Tor^a H3 HepaBeHCTBa (1) HMeeM 

( k 

Oln+l < a n 



.2(fc-2) 

nocKOJibKy ai = h § (2(^2)) = ]E=3> HMeeM «™ < + 



3. HnxcHaa ou;eHKa 

IlycTb a h b — ,a;Ba pa3JiHHHtix ajieMeHTa H3 S. {a, b}-KoMnoHeHmou n-apHoii KBa3Hrpynnbi 
/ 6y^eM Ha3biBaTb TaKoe MHCtacecTBO S 1 C X n , hto 1) f(S) = {a,b} h 2) (pymcHHH 



9{x) 



f(x) npn x S, 

b npn x £ S h /(x) = a, 

a npn x G S* h /(x) = 6. 



TaKJKe HBjiaeTCH n-apHoii KBa3HrpynnoH. B 9tom cjiynae 6y^eM tobophtb, hto g nojiyneHa H3 
/ ceumnumoM KOMnoHeHTbi S. 3aMeTHM, t ito b onpe,a;ejieHHH {a, &}-KOMnoHeHTti ycjiOBHe 2) 
mojkho 3aMeHHTB cbohctbom (A) H3 npefltiflymero pa3,a;ejia. OneBH^HO, hto cbhthhhf Henepe- 

CeKaiOmHXCH KOMnOHeHT MOJKHO npOH3BO,I];HTb He3aBHCHMO: 

IIpe/yioJKeHHe 2. IlycTh S h S' — HenepecexaioiiiHeca {a, b}- h {c, d}- (^cootbgtctbghho ) kom- 
noHeHTbi n-apHoit KBa3nrpynnbi f h n-apnaa KBa3nrpynna g nojiy^eiia H3 f CBHTmrnroM kom- 
noHeHTbi S. Torfla S' raKxe aBjiaerca {c, d}-KOMnoHeHToit KBa3nrpynnbi g. 

Cjie^yiomee npe^jiOHceHHe HeTpy^HO nojiynHTt H3 onpeflejiemifl {a, 6}-KOMnoHeHTti, aHajio- 
rHHHoe yTBepjK^eHHe HMeeTCH b [7]. 

IIpefljioJKeHHe 3. IlycTb mho^kgctb o C = {c\,d\} x {02,(^2} aBjiaerca {a,b}-KOMnoHeHToit 
2-KBa3nrpynnbi g. IlycTb mho^kgctb o Cj asjiaexca {a, di}-KOMnoHeHToit rii-apHoit KBa3nrpyn- 
nbi qi npn i = 1,2. Tor^a MHOxcecTBO C\ x C 2 aBjiaerca {a,b}-KOMnoHeHToit (m + n 2 )-apHoit 
KBasmrpyuubi f, r#e f(xi,x 2 ) = g(qi(x 1 ),q 2 (x 2 ))- 

2-KBa3Hrpynna if : S — > S Ha3biBaeTCH udeMnomeHmHou, ecjin ip(x, x) = x fljia jiio6oro 
i£E. H3BecTHO (cm., HanpHMep, [2]), hto BepHO 

IIpe/];jio>KeHHe 4. fljisi jik>6oto m >3 HMeerca HfleMnoreHTHaa 2-KBa3nrpynna nopa^xa m. 

B cjieflyiomeM npefljiOHceHHH npHBe^eHa KOHCTpyKi^HH 2-KBa3Hrpynn, KOTopaa 6y^eT Hcnojib- 
30BaHa npn ,a;0Ka3aTejibCTBe HHJKHeii oi^eHKH nncjia n-apHbix KBa3Hrpynn HeneTHoro nopa^Ka. 

IIpe/];jio>KeHHe 5. fljisi jik>6oto m > 3 HaitfleTca 2-KBa3nrpynna ip nopa^xa 2m + 1, HMeiomaa 
m {2i, 2i + 1 } -komtiohght fljia Kaxfloro i 6 {0, . . . , m — 1}, npn^ieM Bee xpoMe oflHoit {2i, 2i + 1}- 

KOMIIOHSHTbl HM6IOT BHfl {2j, 2j + 1} X {2Z, 2/ + 1}. 
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,HOKA3ATE.nt>CTBO. Ilo npe^jiOHceHHio 4 HalifleTCH HfleMnoTeHTHafl 2-KBa3nrpynna ip m no- 
pa^Ka to. J^jih jiio6bix a, b £ {0, ... ,m — 1}, a ^ b, n 8,a £ {0, 1} onpeflejiiiM 
V>(2a + 5, 26 + a) = 2vj m (a, 6) + (5 + a mod 2); 
V>(2a + o, 2a + o) = 2a + l-<5; 
V>(2a + <5, 2a + 1 - 8) = k - 1; 
i(Jb - 1, 2a + 5) = V(2a + o, jfe - 1) = 2a + 8; 
V>(fc-l,fc-l) = fc-1. 

Henocpe^CTBeHHaH npoBepKa noKa3biBaeT, hto -0 ecTb 2-KBa3Hrpynna, o6jia,z];aiOH];afl Tpe6y- 

eMBIMH CBOHCTBaMH. ▲ 

Hiijsce npiiBeflea: npHMep Ta6jiHD; 3HaHeHHH 2-KBa3nrpynnbi 994 11 cooTBeTCTByiomeH ip'- 
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Ife npefljiOHceHHH 1 HeTpyzm~o saKjiiOHHTb, hto 2-KBa3nrpynna HeneTHoro nopflflica fc, nocTpo- 
eHHaa b npefljiojKemiH 5, HMeeT MaKciiMajitHoe hhcjio HenepeceKatoimixcH KOMnoHeHT cpe^n Bcex 
2-KBa3Hrpynn nopa^Ka k. 



TeopeMa 2. Ecjih k > 5 — hqhgthog h n > 2, to 



Q(n,k) > 2\ 



/2 



,I[OKA3ATEJTbCTBO. IlycTb ^ - 2-KBa3nrpynna nopa^Ka /c, nocTpoeHHaa b npefljiOHcemiH 5. 
Onpe,a;ejiHM peicyppeHTHO n-apHyio KBa3nrpynny ^ n paBeHCTBaMii: 

^ 2m+1 (^,y) = V(^ 2m (^),y); 

^ 2m+2 (x,y,z) = ^(^ 2m (x),^(y,z)). 

06o3Ha x iHM aepe3 a n — hhcjio {2i,2i + !}-KOMnoHeHT n-apHOH KBa3nrpynnbi ^f n , r^e i 6 



{0, . . . , ^2^}. H3 npeflJIOJKeHHH 3 H 5 HMeeM COOTHOIIieHHfl «2 = ^2^, «2m+l > 02m^V 2 ' °2m+2 > 



fc-3 



fc-3 fc-1 



Oi2m^2 2~ • ior A a °2m ^ ~ 2~ J [~2~ ) 11 a 2m+l > \^2~ ) \^2~ ) • 

IlocKOJibKy {2i,2i + l}-KOMnoHeHTbi npii pa3JiHHHtix i He nepeceicaiOTCfl, Bcero Henepeceica- 
roimixcfl KOMnoHeHT He MeHbuie, neM ^^a n . Ife npefljiOHcemifl 2 cjie^yeT, hto h3 n-apHoii KBa- 
3Hrpynnbi ty n CBHTHHHraMH HenepeceicaiomHxcH KOMnoHeHT mojkho nojiyHHTt Tpe6yeMoe hhcjio 
pa3JiHHHbix n-apHbix KBa3Hrpynn nopa^Ka k. ▲ 



4. Hhcjio n-apHi>ix KBa3Hrpynn nopa^Ka 4 

BBe^eM o6o3HaneHHe [n] = {1, . . . , n}. n-ApHaa KBa3Hrpynna / Ha3tiBaeTCH n-apnou Jiynou, 
ecjiH cymecTByeT TaKoft sjieMeHT e £ E, Ha3tiBaeMBiH edunuHHUM, hto ^jih Bcex i G [n] h 
a 6 £ HMeeT Mecro paBeHCTBO f(e . . . eae . . . e) = a. J^&jiee mbi Bcer^a 6yp,eM no,i];pa3yMeBaTb, 

i 

hto HBjiaeTCH eflHHHHHbiM sjieMeHTOM n-apHoii jiynti (b o6ii];eM cjiynae MoryT 6bitb h ^pyrne 
e,a;HHHHHbie sjieMeHTbi). Oco6o otmcthm, hto flaHHoe corjiaineHHe cymecTBeHHO b HHTepnpeTai^HH 
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noHHTHH HHCJia n-apHtix jiyn. B nacTHOCTii, HMeeM cjieflytomiiH npocToii h xopoino H3BecTHtm 
(paKT: 

IIpefljio>KeHHe 6. IlycTh Q'(n, k) — ^hcjio n-apHbix jiyn nopap^a k. Torpa 
Q(n,k) = k-((k-l)l) n Q'(n,k). 

n-ApHaa KBa3nrpynna / Ha3tiBaeTCH pa3dejiuMou (npueoduMou), ecjiii HaiiflyTCH: uejioe hhc- 
jio m, 2 < m < n, (n — m + l)-apHaa KBa3nrpynna h, m-apHaa KBa3nrpynna g h nepecTa- 
HOBKa a : [n] — > [n] — TaKne, hto 

/(Kl, • • • , a? n ) = /l (^(^(l), ■ ■ • ) x cr(m))) x cr(m+l)) • • • > x cr(n)) ■ 

B flajibHeiinieM 6y^eM npe^nojiaraTb, hto S = {0,1,2,3}, t. e. pent nc-H^eT tojibko 06 n- 
apHbix KBa3nrpynnax nopa^Ka 4. IfeBecTHO (cm., HanpHMep, [2]), hto HMeeTCH pobho neTtipe 
6HHapHbie jiynti nopa^Ka 4 (oflHa H30MopcpHa rpynne Z 2 x Z2 h Tpii — rpynne £4). 

Cjie^yiomee yTBepjKflemie HBjiaeTCH npHMbiM cjie^CTBiieM TeopeMbi 113 [3]. 

JleMMa 2. /JjiiT pa3flejiHMoit n-apHoit jiynbi f nopapxa 4 cnpaBefljiHBO OflHO h rojibKO OflHO H3 
ffByx npeflCTaBjiemiH. 

f(x) = qo(qi(x 1 ),...,q m (x m )), (2) 

rfle qj ecrb rij-apHbie jiynbi npn j, 1 < j < m, qo ecrb Hepa3flejiHMaa m-apnaa jiyna, m > 3, 
Xj — HeKOTopbie Ha6opbi nepeMemibix X{, i £ Ij, rpe {Ij} — pa36neHne mho^kgctb a [n]. IIphhbm 
b p,aHHOM npeflcraBjieHMH pa36neime {Ij} eflHHCTBemio. 

f(x) = qi(xi)*...*q k (x k ), (3) 

rfle * ecrb 6miapnaa onepaioia b oflHoit H3 4 Jiyn, qj ecrb rij-apHbie jiynbi npn j, 1 < j < 
k, HenpeflCTaBHMbie b BHfle qj(xj) = q'(x'j) * q"{x'-), Xj —HeKOTopbie na6opbi nepeMemibix xi, 
i £ Ij, rfle {Ij} — pa36nenne mho^kgctb a [n]. IIpnneM b flamiOM npej\CTaBjiennn pa36nenne {Ij} 

SflHHCTB SHHO . 

Kopneeou onepav ) ueu n-apHoii KBa3nrpynnbi / 6yj\eu Ha3biBaTb m-apHyio KBa3nrpynny qo, 
ecjiH HMee-T MecTO npeflCTaBjiemie (2), 11 6iiHapHyio onepauHio *, ecjin HMeeT MecTO npe^CTaBjie- 
Hne (3). 

npocToii KOM6iiHaTopHBiH noflcneT noKa3biBaeT, hto hhcjio i*W pa3JiHHHtix pa36neHHH mho- 
>KecTBa [n] Ha k no^MHOHcecTB, H3 kotopbix k% no^MHOHcecTB HMeeT moihhoctb ji, 1 < % < t, 
< j± < ■ ■ ■ < jt, yzjc-BjieTBopaeT paBeHCTBy 

T?' 1 

F = — - (A) 

i> k {h\)^...m k *k l \...k t v 1 > 

r%e ki + k%-\ h h = k, k\j\ + k 2 j2 H h hjt = n. 

nycTb / : S n — > S — n-apHaa KBa3Hrpynna, onpe^ejiHM MHoacecTBO 

S a , b (f)±{x£Z n :f(x)£{a,b}}. 

ra-ApHyio Jiyny / Ha30BeM a-nojiyjiuueuHou, rj\e a £ {1, 2, 3} ecjin xapaKTepncTHHecKaa cpymcLpiH 

XS , a (f) MH0JKeCTBa S = So,a(f) HMeeT BHfl 

n 

Xs 0<a {f)(xi,...,x n ) = ^2x{o,a}(xi) mod 2. (5) 
i=i 
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ra-ApHaa jiyna / Ha3BiBaeTCH AuneuHou, ecjin OHa oj_niOBpeMeHHO HBjiaeTCH a-nojiyjinHenHon n 
6-nojiyjiHHeiiHOH, r^e a / b, a,b € {1,2,3}. HenocpeflCTBe-Hon npoBepKon He-Tpyznio y6ej_niTBC5i, 
t ito cnpaBefljiHBO 

IIpe/yioJKeHHe 7. M3 nerbipex 6nHapHbix jiyn nopa^xa 4 o,zpra (n30Mop(pHaa rpynne Z2 x Z2) 
HBjiaeTca jiHHeitHoit, a rpn ocrajihHbix 1-, 2- m 3- nojiyjiHHe&HbiMH cootbstctbshho. 

H3BeCTHO (CM. [1]), WTO 

IIpefljio>KeHHe 8. JlmieHHaa n-apnan jiyna eflHHCTBeima h aBjiaerca oflHOBpeMeimo 1-, 2- h 3- 
nojiyjiHHeitHoit. 

He-Tpyznio BH^eTb (cm., Taicace, [1]), hto cnpaBe/j;jiHBO 

IIpefljio>KeHHe 9. IlycTb f — pa3flejiHMaa a-nojiyjiHHeitHaa n-apHaa jiyna, Torj\a f mojkho 
npeflcraBHTb nan cynepno3HiiHK> a-nojiyjiHHe&Hbix jiyn Bnj\a (2) hjih (3). 

06o3Ha x iHM nepe3 moiuhoctb MHoacecTBa a-nojiyjiHHeiiHbix n-apHBix jiyn n nepe-3 t n Mom,- 
hoctb MHoacecTBa nojiyjinHenHBix n-apHbix Jiyn. 

KaK 6bijio ycTaHOBjieHO b [1], moiuhoctb MHoacecTBa Bcex n-apHbix jiyn acnMnTOTnnecKn 
coBna/jae-T c moiuhoctbio MHoacecTBa nojiyjinHenHBix n-apHBix Jiyn, KOTopaa jierKO BBinncjiaeTca: 

JleMMa 3 ([1]). £ n = 3- 2 2n - n ~ 1 - 2, i a n = 2 2 "-™- 1 npn a G {1, 2, 3}. 

B [6] nojiyne-HO onncaHne n-apHBix KBa3nrpynn nopfl/xica 4 b onpejj;ejieHHBix BBinie TepMHHax, 
a HMeHHO, jj;0Ka3aHa 

TeopeMa 3. Kaxflaa n-apHaa jiyna nopa^xa 4 aBjiaerca pa3flejiHMoit hjih nojiyjinHeitHoit. 

Ha 9tom onncaHHH no-cymecTBy ocHOBBiBaeTca bbibo/j peKyppe-HTHon cpopMyjiBi jj;jih nncjia 
ra-apHBix jiyn (n KBa3nrpynn) nopa^Ka 4. 
BBe/jeM cjie/jyiomne o6o3HaneHHJi: 
v n — nncjio n-apHBix jiyn (nopfl/xica 4); 

r* — nncjio pa3JjejinMBix n-apHBix jiyn c 6nHapHon KopHe-Bon onepannen *; 

— nncjio pa3Jj;ejiHMBix n-apHBix jiyn c KopHe-Bon onepannen apHOCTH 6ojiBinen jih6o paBHoii 

3; 

r%* — nncjio pa3Jj;ejiHMBix a-nojiyjinHenHBix n-apHBix jiyn c a-nojiyjinHenHon 6nHapHon Kop- 
hc-boh onepannen *; 

— nncjio pa3Jj;ejiHMBix a- nojiyjinHenHBix n-apHBix jiyn c KopHe-Bon onepannen apHOCTH 
6ojiBnien jih6o paBHoii 3; 

— nncjio Hepa3Jj;ejiHMBix a-nojiyjiHHenHBix n-apHBix Jiyn; 
p n — nncjio Hepa3Jj;ejiHMBix n-apHBix Jiyn. 

H3 jieMMBi 2 n npefljioJKeHHH 9 BBiTeicaiOT cjie/jyiomne cooTHOinemifl: 

n 

i=2 j,k 
n 

i=2 j,k 
n-l 

i=3 j,k 
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n-1 

^n = E^E%(^) fel ---(%) fet ' 

i=3 j,fc 

r^e BTopaa cyMMa 6epeTCH no Ha6opaM = . . . , kt) n j = (ji, . . . ,j t ) nojioJKHTejibHbix nejibix 
nnceji, yflOBjieTBopHiomHM paBeHCTBaM fei+- ■ -+kt = i, kij\+k2j2+- • -+ktjt = nm HepaBeHCTBaM 
ji < ■ ■ ■ < jt- H3 TeopeMbi 3 n npefljiOHceHHH 8 BBiTexaiOT cooTHOineHHH v n = p n + r° + 4r* , 
p« = - rf - 2C p n = 3p°. Hs jieMMbi 3 HMeeM l a n = 2 2 "~ n ^ 1 npn a G {1, 2, 3}. 

H3 npefljiOHceHHH 7 HMeeM HanajibHbie 3HaHeHHH rjisi nepenncjieHHbix Bbiine BejinnnH: r%* = 2, 
r2=4, r^ = 7*2 = 0. HeTpyzrHO Bn^eTb, hto npHBe^eifflbie Bbiine paBeHCTBa n npefljioaceHHe 6 
o6ecne x iHBaiOT peKyppeHTHbin cnoco6 BbinncjieHHfl nncjia n-apHbix KBa3nrpynn nopa^Ka 4. 

HaKOHeu;, BbinnineM nepBbie BOceMb 3HaneHHH BejinnnHbi Q'(n,4): 1, 4, 64, 
7132, 201538000, 432345572694417712, 3987683987354747642922773353963277968, 
678469272874899582559986240285280710364867063489779510427038722229750276832, n 
BejiHHiiHM <5(n,4): 24, 576, 55296, 36972288, 6268637952000, 
80686060158523011084288, 4465185218736554544676917926460256725000192, 
4558271384916189349044295395852008182480786230841798008741684281906576963885826048. 

5. 3aKjiK)HeHHe 

B 3aKjiiOTeHHH CKaaceM HecKOJibKO cjiob cbh3h TeMaTmcn HacTOflmen CTaTtn c H3BecT- 
hbim noHHTiieM jiaTHHCKoro Tp9n,zia (latin trade). MacTnnHaa n-apHaa KBa3nrpynna t : ft — > X, 
ft C S n Ha3biBaeTCH MHoeoMepnuM JiamuucKUM mpaudoM, ^ajiee npocTO mpaudoM, ecjin cyme- 
CTByeT flpyraa nacTnnHaa n-apHaa KBa3nrpynna if : ft — > S TaKaa, t ito 

1) 7^ fljia Bcex 

2) ,a;jiH jno6oro i, i = 1, . . . , n, n ^jih jho6bix ^onycTHMbix 3HaneHHH a?i, . . . , Xi-i, . . . , x n 
MHoacecTBa {t(xi, . . . ,Xi-i,y,Xi-i, . . . , x n ) \ y G £} n . . . ,Xi-i,y,Xi-i, . . . , x n ) \ y G £} 
coBna^aiOT. 

B 9tom cjiynae napa (i, i') Ha3biBaeTCH 6umpeudoM (b 3aBncnMOCTn ot KOHTeKCTa, 6nTpen,i]; 
paccMaTpnBaiOT KaK ynopflfloneHHyio, jih6o KaK HeynopH^oneHHyio napy), a Tpanfl i' Ha3biBa- 
eTCH napmnepoM Tpan^a t. HccjieflOBaHnio 6htp9h,z];ob b cjiynae n = 2 (jiaTHHCKnx 6htp9h,z];ob) 
y^ejiaeTCH 3HannTejibHoe BHHMaHne, cm. o63op [5]. 

By^eM roBopnTb, hto n-apHaa KBa3nrpynna / coflepacnT Tpanfl i, ecjin t = /|q ^jih HeKO- 
Toporo ft. npn 9tom H3 onpeflejieHHH cjie^yeT, hto 3aMeHa 3HaneHHH / Ha MHoacecTBe ft 3Ha- 
neHHHMH napTHepa if Tpsn^a t npnBOflHT k ^pyroii n-apHoii KBa3nrpynne. Tpanflbi t = /\q h 
s = /|e Ha30BeM ne3aeucuMUMU, ecjin nx HOCHTejin (o6jiacTH onpeflejieHna) ft n He nepe- 
ceicaiOTCH. MaKCHMajibHoe hhcjio nonapHO He3aBHCHMbix TpaHflOB, KOToptie co^epjKHT n-apHaa 
KBa3nrpynna /, Ha30BeM ee mpaudoeuM hucjiom trd(/). MaKCHMyM trd(/) no BceM n-apHbiM 
KBa3nrpynnaM / nopa^Ka k o6o3HannM nepe3 Trd(n, k). nocKOJibKy He3aBncnMbie Tpanflbi b 
ra-apHoii KBa3nrpynne mojkho He3aBncnMO 3aMeHHTb Ha napTHepoB, hhcjio Q(n, k) pa3JiHHHbix 
ra-apHbix KBa3nrpynn nopa^Ka k yflOBjieTBopaeT HepaBeHCTBy 

Q(n,k) > 2 Trd ("' fe ). (6) 

JlerKO noHHTb, hto hhjkhhh ou;eHKa b pa3,a;ejie 3 (KaK n Bee oneHKH b [7]) nojiyneHa HMeHHO 
TaKHM o6pa30M: {a, 6}-KOMnoHeHTa no onpe^ejieHnio HBjiaeTCH HOCHTejieM HeKOToporo Tpan^a. 
nocKOJibKy HOCHTejib Tp9n,i];a o6jia,i];aeT cbohctbom (A), H3 npefljiOHceHna 1 BbiTeKaeT TVd(n, k) < 
k n /2 n = 2( log2 fc_1 ) n ; npnneM rjisi neTHbix k jierKO ,a;0Ka3aTb paBeHCTBO. J^nsi HeneTHbix k H3 
pe3yjiBTaTOB pa3,a;ejia 3 cjie^yeT ou;eHKa Trd(n, k) > 2 c( - k ~> n , r^e c(k) — ► log 2 k — 1. O^HaKO rjih 

fe^oo 
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(DHKCHpOBaHHBIX k, B HaCTHOCTH, fljlfl MajIBIX 3HaHeHHH 5, 7, . . . BOIipOC 06 aCHMIITOTHHeCKOM 

noBefleHHH BejiiiHHHBi Trd(n, k) ocTaeTCH otkpbitbim. 

IIpo6jieMa 1. BbiHHCJiHTh acHMnroTHKy jiorapncpMa h acHMnroTHKy BejiHHHHbi Trd(n, k) npn 
n — > oo fljia He^ieTHbix k > 5. 

,HpyroH Bonpoc coctoht b tom, HacKOJibKO on,eHKa (6) 6jiH3Ka k hcthhhoh. ,ZLia nopa^Ka 
4 oi^eHKa (6) acHMirroTinecKH TOHHa nocjie jiorapiicpMirpoBaHiiH . ,ZLia 6ojibinero (piiKCiipoBaH- 
Horo nopa^Ka aciiMiiTOTHKa ^ByKpaTHoro jiorapncpMa BejinnnHBi Q(n, k) Heii3BecTHa. KaaceTCH 
ecTecTBeHHbiM npe^nojiOHCHTb, hto aciiMiiTOTHKa ^ByKpaTHoro jiorapncpMa BejinnnHBi Q(n, k) h 
jiorapncpMa BejinnnHBi Trd(n, k) coBna^aiOT. 



IIpo6jieMa 2. BepHO jih, hto lim ( log2 log2 ®( n ' k ^ j = li m ( log2 Trd ( n ' fc ) j ? b nacTHOCTH, BepHO 



CymecTBOBamie bthx npe^ejiOB TaKace He ,a;oKa3aHO. 
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